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2016-12-14, Stig Rosenlund.

C functions for several mathematical-statistical distribution functions (CDF:s),

based on the beta distribution (incomplete beta function), and their inverses.

A carefully designed program for log(Gamma(x)) is included. The functions are
designed for maximal execution speed while gving double accuracy to the

retums. | believe that my programs add value in addition to existing programs,
such as, for the t-distribution, one by Rass Ihaka (R Development Core Team) and
the Medical College of Wisconsin, 1994-2000, released under Gnul.

if you find my programs useful, then it would nice if you mention my name while
using them or modifications of them.

About me. Bom 1942 in Sweden where | still ive. Ph. D. in mathematical
statistics. | have published many articles in peer-reviewed scientific joumals

in this area, the first one in 1972 and the latest one in 2014. | have been
programming for 43 years, of which in C (among other languages) for 25 years.
The functions below, which | have decided to give away for free, are part of

the source code for my language Rapp for actuarial mathematics, mathematical
statistics and mathematics in general, in that order. | have developed Rapp for
33 years, the first eight in other languages than C. Access Rapp by googling
free actuarial language. You get a hitin November 2016. If Google changesits
search criteria, then google Stig Rosenlund and bypass the artist with the same
name. The Rapp manual tells what kind of functions. Look in particular at Proc
Mbasic.

If you want access to all source code for Rapp, then please help me make Rapp
open source. Itis now stuck in a review process for open source, and | find

allthe legal details in it confusing. | am a mathematician and programmer, not
alawyer. My aim with having the Rapp code as open source is to have amaximal
permissive license, so that everyone can freely use it, while at the same time
preventing commercial software companies from appropriating it. My only
requirementwould be that my name is mentioned when the code is used. Contact
me by e-mail stig.ingvar.rosenlund@gmail.com.

Explanations
Some functions with a 0 last in the name are included below, but not listed in

the synopsis following immediately here. They are first versions that have been
superseded by better versions. For example tdistQy).

betadist(a,bx,&ogc,0) _ _ _
Retums beta function of x with parameters a, b. logC is set to the logarithm
of a constant for the beta function. If logC is not needed, setthe 4th
argument o 0. If value 1 is set for the 5:th argument, 1 - (function value)

is retumed. If X is close to 1, then betadist(a,b,x,0,1) wil have better
precision than 1 - betadist(a,b,x,0,0). Only the values 0 and 1 are valid for
the 5:th argument complfig. Itis a flag for the complement, ie

(retum value with complfig = 1) = 1 - (retum value with complfig = 0).
Itis an argument also for several other functions.

betadistinviab,p,0)
Retums inverse beta function of p with parameters a, b. if value 1 is set for
the 4:th argument, 1 - (function value) is retumed.

betadistinv_ap(a,b,p)
Auxiliary function for betadistinv(). Here _ap means approximation, ie the
function gives an approximation of betadistinv() that is a start value for
the exact solution. If maximal execution speed was notimportant, the
function could be replaced by the value 0.5.

bindist(n,pk.0)
Retums binomial distribution function of k with probability p for success.
le, if Xis bin(h,p), then P(X <=K) = bindist(n,p k).
Value 1 for the 4:th argument means that 1 - (function value) is retumed.



bindistinv(n,p,p0)
Retums inverse binomial distribution with parameters as above, defined as
minfk: PX<=K) >=p0}.

fdist(x,nul,nu2,0)
Retums F distribution function of x with nul and nu2 degrees of freedom.
ifvalue 1 is set for the 4:th argument, 1 - (function value) is retumed.

fdistinv(p,nul,nu2)
Retums inverse F distribution function of p with nul and nu2 degrees of
freedom.

fdistinv_ap(p,nul,nu2)
Auxiliary function for betadistinv_ap().

loggam(x)
Retums natural logarithm of Gammal(x).

ndistinv_ap(p)
Auxiliary function for betadistinv_ap(), fdistinv_ap() and tdistinv_ap().

tolist(x,nu,0)
Retums t distribution function of x with nu degrees of freedom. If value 1
is set for the 3:th argument, 1 - (function value) is retumed.

tolistinv(p,nu)
Retums inverse t distribution function of p with nu degrees of freedom.

tdlistinv_ap(pp,nu)
Auxiliary function for betadistinw().

Remark. C manuals usually strongly recommend that double constants be written
with a decimal point, eg 1.0 and not 1. | have however found that this has no

effect whatsoever on the speed of the compiled and linked code, at least if you
use Microsofts free compiler and linker. And for Windows | have found that these
are the best, better than the ones of Intel C and other products, free or for
purchase. If you work in ather environments, you might want to put in decimal
points, though. (Of course | wiite eg 1.0/2 if 0.5 is intended and not 0. And

eg 1234567890120 if an integer value is intended as a double and too large for
the typeint fan__int64 isintended, | wiite (__int64)123456789012.)

fclueteio

ficlueelio b

#efMAXIT 1000000

#efiRt  3.14159265358979323846

#efiRlp  6.28318530717958647692
#efISORP|  1.772453850905516
#efiSOR2PI 2.50662827463100050242
#efib®GSQ2PI 0.91893853320467273
#efiBbsb@€x DO:Q X) _
doubisiadisiicio,ble dodble doubleHouble unsigned char
douadistinwgoible double doule unsigned char
doubtadistinv, @p(ble plouble double

doutsadiisf( int double int Ynsigned char
inbindistintiouble dduble

doudist( ,dpyble intinjunsigned char
clouldisinvi, dipubply int int

doudlistinv_apfouble intint

doutdlisinv_aguble

douldet0y ,dpuble intynsigned char
doudist( *, dpuble int)nsigned char



doutdistinvO( dauidiediritrst variant | made.
doutdistinv(, dauikéAntecond and mostly slightly better variant.

doutdistinv_apO@uble)rit variant.
doutdistinv_aym{aubld mcond and better varant.

voiahair(t, argiiar argvi]) {
inkk kO k1. n nunul nu2
doulaf ppOxyly2

if (arge 4) exit(0)
&= atof(argvl])
b=atof(argv2])
p=atof@gvi3)
x=betadisiMabp0)
printi(versebeta(961.15f%61, BEApK)L5f) = %1.15/"

yE betadlsabx00)
n!f( Beta(061.15f%61.15{ Bl 5 %61.15"

printf( tcist(%/1. 15 Y gerid gahn"
y2 tdistianu 1)

y2 tolistinvy1 nu)
}pﬁnﬂdisﬁnv(%l.15f,0/o;§)1:r%9ﬂ)51\n"

f=

nuding ;)b

nuEn( 7jF o make sense p has to be > 1 resulting in nonsense above.
yE fdistfnul nu2 0)

printf(fdlist(%/61.15f,%6d, % Srild Phi2 AN

y2 fdist(f,nul nu2 1)

print(-folist(%/61.15f%/ogl Fim) Erid2 2\’

y2 fdistinviyl;nul nu2)

printiCiistinv(%61.15f %0, YacheRali2 §2)

e
k=)o
yE bindisn pk0)
nlf(b|ndlst(%d 06115 YhkyhL 15E\"
prnti{-binist(%/ed, %61 15 hkindisinikl )

PG y1-5e16

k&: bindisfin(n p pO)

printigindisinv(%/6d %61 15 Yo pEkeR)d =2 %6cn
yt 5016

k& bindisfinv(n p p0)

if lom)kieke  kL4;1

printigindisinv(%/6d 961 15 Yo pEkek) =2 %6cn'

/I Free allocations if the function is not used any more, as a matter of order.
}betadlst(O 0100

doubtadistidoua@  dbQole xdmible
douplegC unsignedrTipli) {

F complfig =1 means that 1 - result shall be retumed.
Beta function adapted from "Numerical Recipesin C*, 864, p. 226 ff.
One adaption is that only one function is used instead of the two
functions betai() and betacf() of Numerical Recipes. This makes it
possible to have the relative error the same, which is not the case
when Numerical Recipes uses 1 - betacf{b,a,1-x)b. Another adaptionis
that two sets of parameters for (a,b) and (b,a) are stored statically,
and the fastest one is used by determining the parameter symmetryuse.
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The static storing of the coefficients coeffe{] for even steps and
coeffod]] for odd steps is beneficial, provided the function is used
more than a few times with (a,b) or (b,@) the same as the (a,b) of the
previous call to the function. And this is the case for the inversion
algorithm. The larger time used when this is not so is neglibible. */

doubieefevs ooeffods Ds ashs qabBygaps gams gaps

}

ABPARMS

StatidBPARMS afjpannsl abparms2 abpams

static unsiguadased O

unsignepsienchanged symmetryuse whichmatches which2use
int;m2

static déndeéffev coeffod fpmin 1e 300 gab logC

I epsion cannot be static since itis sometimes changed.
douikethya ¢ d d1 d2 deltg epsilon 5e 16 hx

fefiee  ( as)

oebBygap{abparms
#tlefineall  (abparms noalls)
flefilastin (abpams lastinxs)

if (x_ir=-Argument -1 is signal to free allocations.

I1-1 x@b)=1_{1-x}ba)

if (compifigyn  betadist(b0,a0 1 x_in plogC 0)
fx i @ && P @m0) ; O

if (x_ipFrddum; 1

if (funcysed)

funcesed 1

abpams 0
abpammsiizagélop( ABPARMS)
abpanms2zagélor( ABPARMS)

abparms2 clojaie(
abparmsEnoalls abpayms2 noalls 1
abparms1 as>algpamms? as abpamsl bs abparms2 bs 0
i}f (@6=abparmsk as=b0 abpamsl=bs) whichmatches 1
else@8=abparm8 as=b0 -abpams2-hs) whichmaiches 2
e

ise
whichmatches 0
abpams 0
gab &0; b0

|09€ loggam(cab) loggam(al) loggam(bO)
1,as a0

abparmsl;bs b0

abparmst gaps a0 1

abparmsi gams a0 1
abparms] galiBycaps; gab abpamsl gaps




f (PoBUI) plogC logC
if Whichmatdhes 0 =whi€hmatches 1)

if(x_# abparmsl Dsy symnietryuse 0 which2use 1
else {symmetryuse ;which2use 2

i)lse(ri\hidlnﬁcl{\es 2
if(x_# abparms2 Dsy symnietryuse 0 which2use 2
else {symmetryuse ;which2use 1

Il The following staterents' purpose is to save CPU by only setting
Il coeffev and coeffod if they were not set right the previous call.
/I The saving is of course marginal.
if (Which2usg 1)
if (abpams abparmsl)
abpams ;abparmsl
coeffev abparms] coeffevs 1
coeflod abpams] coeffods 1
}
}

elsp
if (@bparms {abpamms?2)
abpams ;abparms2
coeffev abparms?2 coeffevs 1
}coeﬁad abparms2 coeffods 1

if (symmetyuseel@x xin ; X 1 X in

bFexp(legC(h'OM hiog1x)
epsionehanged 0
bﬂ)?a/bta

Belovv delta=h(yh(-1) and detia - 1 = [n() - h(-1)Yh(-1).

Iif symmetryuse =0, then |delta-1| < epsilon =—> |h(-h(-1)| < epsilon*h(}-1),
so that that relative error epsilon is obtained since retum = h(j)*ot/a.

Iif symmetryuse = 1, then retum = 1-h()j*bt/a. Put bttya = bt/a. We want then
[1-btoyeh(IH1-btoyah(-1)]| < epsion{1-btoya*h(-1)] ie

btbya*|h()-h(-1)| < epsion*|1-btoya*h(i-1)), ie

IN(-h(-1)/h(-1) < epsion{1btbyarh(-1)H1] ie

|delta-1| < epsion*|1/btbya*h(-L)}-1.

Atthe first occasion when |delta - 1| < epsilon, epsilon is recomputed to
epsion*|Ubtya*h(-1)}-1]. One might as well use h()) instead of h(-1),

le epsilon = epsilon*|L/(btbya*h)-1. If then |delia-1| >= epsilon the execution
continues. A flag epsilonchanged is set so that recomputation is only made once.
*

=1/ First step of Lentz's method.

&= 1- gabBytiepix oabx/gap

(lgga-}lt%bﬂ fpmiry) d fpmin

kd
folm;1<n lastim fn )
m2*2m
d% coeffevim] x
o= 1+dt,One step (the even one) of the recurrence.

if (@2ifgled  fiprnin) d fomin

c=1+dl:c



if (elgglscc  fpring ¢ fomin

d=1d

h=dc

dE coeffodim] x

d= 1+ d¥;Nlext step of the recurrence (the odd one).
if (Blggtsd  fprnin) d fomin

c=1+dic

if (elgglscc  fpring ¢ fomin

d=1d

detia*glc

h=delta

d2 delta 1

f(d? 0)d2; d2

if (d2 epsion)

rf(epslond:lar@&l 0 /spnmetryuse 1)
d [ (otbyah) 1
if (d& O)dl; dl
if (d® O)epsion dl
if (2 epgion) ENDCOMPUTE
epsionchanged 1

contnue

}goﬁ\lDCOMPUTE

}
fol; REMAET {m )
if (m ndall)
noa= 20
if Which2ise 1)
1coeffevs -realloctaioddiosijeoeffevs noall
abparms] coeffods -reallogtatpédingfiiecoefiods noall

e
eabpawmsZ:coeffevs ‘eallocgatytingpikecefievs noal
abpams2-coefiods -reallogapaingiicoefiods noal

coefflev abpamss; coeffevs 1
coeffod abpams coeffods 1

Ooeff@V[l’ﬂ} Fobirtdamm2 am2)
dE coeffevim] x

d=1+did

lf(alﬁs)b:d fprin) d fomin

c=1+dL;

ff(at@bfc fiprin ¢ fomin

h*—d‘
coefioelim} *(@m)(aeliimy(am2 gapm2)
dE coeffodim] x
d=1+did
lf(alﬁs)b:d fprin) d fomin
c=1+dL;

ff(at@bfc fiprin ¢ fomin

della*dc
H=delfa
d2 dela 1
f(d2 0)d2; d2
if (02 epsion)
lastimx; m
if (epsi Iondqar&&j 0 sypmmetryuse 1)
dt 1 ([yah) 1
if (d& O)di; dl
if (d® O)epsion dl1
if (02 epgion) ENDCOMPUTE



epsionehanged 1
connue

}gOE\IDCOMPUTE

?Jn'nﬂ(/lamo iterations exceedied in betadist()\n"
exitQ)

ENDCOMPUTE

if (symmetiaisen 0);  btbyah

}reiulln bityya h

#indefa

#indefb

#iindef gap
#iindef gam
#indef qabByoap
#indef noall
#indef lastinx

doubtadistimyoulie - ddable pdouble eomapiigh] char
I/ Beta function inverse. complig = 1 means that 1 - result is retumed.
static ninvelua 100

ing;

static deyisiion0,5e 16

douBiay am1 bm?1 d1 diffappr; difupperiower epsion hl h2
lower O p0 pOoid step fwwomab upper 1y0y1

if (complfigin  betadistinv(oa 1 p0)

f (=0 a<=0 | bt O

if (>=Bpum.

twomab-2 a b

anl-a 1

bml-b 1

Y& betadlsunwf_ap@b p)= (X010 Y0-(e3BB.Clion.
pe betagisttaby0 Cinv0)

if (Pe=pjum yO

Ciav/ 1 exp(@mg)loggam(ar+b) -loggam(@) - loggam(D))
(P& p) upper YO

else lower;y0

diffappr diffupperiower; upper lower

I Inver’sI?—:-O quadratic search.

foF; jminvoiar )

dt 1 y0

hr exp(en-lot yO)ybrad Iogial) {b-1}

h2 WL (Wemdby0ami) (O dl)
ht ALhl

h2 - I*Q‘hl hihl

d¥ Cinv(p pO)

yE yB 1l 65h2d1)

i (snlyi<=y) Oyl D=epiioakydepsiond
di W iiy0 <(d1=0)giwvdiference approximation.
It d1 > 0.5 diffappr the procedure is now worse

/I than bisection or is even beginning to diverge.

if (d& G5 diffappr)=epsidineal) epsion0

diffappr; d1

ppr; d
betagisiaby1.00) |
Il tf this condition holds we have deficient accuracy, Sono use to continue.

W(@—Wﬂ—%( g6 palhyd )y0) ; Y0

rf(p@zlp)um
rf(p@{n) (Lllaper ¥6) bpper YO
se { (bwer yOHoper yO

rffuppedower upper lower
epsien* yO épgionthpute epsion.



if (diffuppedowectepsion) YO
if (clffeyspr epsiok)
pOeid; pO

}

if (cliffappr  diffupperiower) diffappr  diffupperiower

/¥ Now we have a solution estimate yO by inverse quadratic search and an
estimate diffappr of the difference between it and the true solution. If
diffappr is small, often the estimate will be very close to the true solution,

so asmall step in stepping down or up will likely give new better limits
lower and upper quickly. A litle more than half diffappr seems optimal.
Inverse quadratic search can fail, and probably will if a good initiel
approximation pO is nat found. Therefore the following steps are needed to
secure a solution within epsion. /

step 0.50001 diffappr

if (Step epsior)step epsion

pOaid; pO

if (IoWer {0)ere yO = upper.
fo(cd yOstepEL dLiewer-dll stepj )
PG bd100)
I'f p0 >=pOold we have deficient accuracy, So no use to continue.
If (p&=p@eid)n + d1 step
if (p8=pum di
if (P& D) lowareaid
upper; d1
if (j=&preak
}pOdd ;p0

lzlse(tlpﬂlar §Phere yO=lower.
fo(dd yOstepj& di upper-€d stepj )
p@ betadist(a b d100)
pQeld - GDskeEnt accuracy.

}

}

if (Upper Jowerepsion)+ Q.5 (lower upper)

I Bisection, ie interval halvings, as final step if needed.
h2 1e300

fo;){
d¥ G5 (lewer upper)
P& betadist(zbd1 00)
if (PO=i|jum d1
if (8 p) upmieedl = lower dl
hE upper; lower
Eglﬁh epdllorr=hibalki2)1 gets stuck at values > epsion.
Nl

}
}reilﬂ?B (lowverupper)

doubéadistinv @p(bleadoulble dppple
/ Method 0. Abramowitz & Stegun (26.7.5), page 949, t-distribution inverse.
I Method 1. Abramowitz & Stegun (26.5.22) page 945. Approximation of beta
/I function inverse. Cannaot obviously be used foraorb<=05.
/I'Method 2. Approximation derived from the Abramowitz & Stegun (26.6.14),
I page 947, approximation of the F-distribution function.

unsignedethed

static dbmisbiaysix 0.8333333333333333

002515517 ¢1H0.802853 c26.010328 d1, 1.432788 d2 0.189269 d3 0.001308
doulambdarl r2yw

if (p=Gtum0

if (P>=Eptum]
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if (2> 0Bum1 betadistiny apba1p)
methad 1
f(E2p=fofira2h=foorp]
Il'fone of aand bis 0.5 and the other one is a multiple of 0.5,
I/ use Abramowiiz & Stegun (26.7.5), page 949, t-distribution inverse,
/I mapping beta function parameters to t-distribution parameters.
if (5=0:
h=tdlistinv- (1,05 prl)
h=rl fhrl)
if (lsr(a)n Fh 0
r L

1

if @=05)

h=tdlistinv #p(0.5 1p r2)
h=th

hetifarR)

f(srignkF)h O

retum

}
Il'ltis possible to use Abramowitz & Stegun (26.6.14). These criteria
Il for approximative optimality have been established by experimentation.
if @=1)
if(=2¥ (=0.26)nwethod 2
else | (=0.17)method 2

zalse(a:u@)
i (Gb=10 (=0.10)imehod 2

else(lb=15)|f (= 0.35) reifliod 2= ; method 1
=022) method 2

}

else(6=20)

f=1f (»=005)retod 2
else | (=023 method 2

}
else@=25)if (=1 (= OOC}mdhod

i}f(methed{ 1)
@08 v 08h 05

else

y=ndistinv ap(1 p)

r=1@2al)

2=1(2h1)

h=2 (i r2)

lambada- 1y 3)6

vee y sqph lembelel h (22 r1) dérnnda Fvebysix 2 3h)
I @b e2w)

if (srgrfh<=h||O>=h $)h 05

retuim

L:fdisljnv;ap(l pr2rl)
}retuh #H12h)

doupiladlist( imt dogblek int - unsamnaplid)dr

/I Binomial distribution of X for n trials with probalbility

I pfor success. P(X <=K) = bindist(n,p,K).

Il complfig = 1 means that 1 - result shall be retumed.
Iif(n<=0]|lk<=0]|p<0]|p>1) retum 0; 2017-05-08 correction.

if (<=0 || p< Q| petdiyd/ B arguments.,

if (<O (compifg) rettfn O
if (p=Gtumcomplfig
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(=L keeim 1 cormplig
bkl L 1pOcom)

intbindlistin/( doyible p douipB) {

F* Inverse of binomial distribution with parameters as above.
Retums minfk: P(X <=k) >=p0}.
As n grows the distribution of (X - EX])/sart(Var[X]) converges
to the nomal distribution Phi() with mean 0 and variance 1.
So an approximation of E[X] + sgrt(VarpX]*Phi{-1}(p0) is taken as
start value from which we step up or down until the solution is found.
Now E[X] = n*p and VariX] = n*p*(14). We take ndistinv_ap(p0) as an
approximation of Phi{-1}(p0). */

ink

doutppl

f(<=0| pe=0| ge@) 0
f(P8=1| pre)n n
qu p

k‘(10(10* S(lﬂ)ﬂq “ﬂSﬂnV app0)
if (<O) keee if (R Nk ;

Di berad;st(nkquOO)

if (0= pd)im;

if (0% pP) _
fo?km+kq:krf)+(betadl@mkkmﬁ0 pQ) K
rewn

}

folk; k=, k- X

pE betadﬁ(nkquOO)
if (pd= p@)ym;

if(px pB)ak

refuke 1
}

douldist( ¢bulgeiLint nu2t  unsigoaapfigh{

I/ Fdistribution with nul and nu2 degrees of freedom.

Il complfig = 1 means that 1 - result shall be retumed.

if (N @ reBud) Badarguments.

if (f<B)etuncomplfig

}relLbetadiSt(O.S NUZ 06 riyl, Au2 nu2 nulf 0 1 complfig)

douddistinv( dlopblenudt  mu2) {
I/ Fdistribution inverse with nul and nu2 degrees of freedom.
dovutile
if(uE @ re2 ||OegomiCpad Dguments.
df betadisiny®©5 nul 0.5 nu2 p 0)
if (d&=rBum 130
retud® huX((hpl 1d1)
}

doudistinv_apfoulie  ntil intnu2) {

inicl,c2

doutied?,d3d4 hw

If(nun:- 0 nu2||09t;m03ad@gumenis
if (P>=Tptumy

if (p> OBJun 1 fdistinv ,ap(1 p nu2 nul)
v ndistiny_ap(p)

ctk®?nul 1

222 1

dt c2*ww

d2 ct i

d3 sefiUpkec c2)

o4 W sopt(d2)

h=(d3 d4)dl
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h=Hh

h=fouliéi2 nul

it (srgih< tetld)) O
if (FP=Eptum].

retn

dobggamfoub{ o
Il Retums the natural logarithm of Gamma(x). The function is quite different
/I from gammin() in"Numerical Recipes in C" based on Lanczo's results. | have
Il ied the latter and found that it lacks precision. Maybe some newer version
I in C++is better? See Abramowitz 0 Stegun page 257, 6.1.40and 6.1.41. | have
I deduced ten coefficients for the sum in 6.1.40, while 6.1.41 has four,
I thereby gaining needed precision.
INoggam_for_mutiples_of onehalfli] =loggam(0.54) is computed initially,
I/ with some redundancy (for simpilicity), since fori=0, 2, 4tis 0. The
/N purpose is to speed up the retum of loggam(0.5%) for moderate values of i
static unsigimstllameittiples_of onehalf_can be used0
ini;
doutm,dOZ d03 04 d05d07 d09 d11 d13d15d17d19
static ddaggiam _for_multiples, of onehalff1001] logPI
1 10120
c02- 1.0360.0
03 1.01260.0
c&4- 1.01680.0
c05 1011880
c06- 601.0,360360.0
¥ 101560
c08- 3617.0 1224000
c09 438672441830
CXO- 174611.0125400.0
if (first]// Compuite only once.
first=Q
logP! log(Pl)
folf,; i<t000-+) loggam for mthples of opehalffi] loggam(0.51)
multtiples_of onehalf can be used

I}f()(:l [x=6 |x=% |r=R) O
I Reflection formula. Retums log(JPU(SIn(PPX*Gamma(1-x))|
_/é( I08§PV(|S|n(PI*x)|*Gamma(l X))

<

if (x=floofum ;0

ggieducﬁon with the right multiple of 2*Pi to avoid numerical errors in sin().
- X

ii90De |

ded- sin(Pl 01 figendidix)

if (d@Er@um; 0

if(dGL OFel0L dO1

refUogPl log(d01) ;loggam(1 x)

l}f(muhlples of oneRiif*can W(mdoorzx i2x  1000)

dOL((( (1019 €09diF) t08dI5 07d13 c0Bdll
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1005089 ¥c04 dB7) 403 da5 *c02d03) c01d01l
retu. OGSQ2PH dO1* x); (x 0.5) log(X)

}

I/ 2016-04-15. Taylor expansion around 1 och 2.

if (0.999897688&. x=x 1.00007966)
doyi® 0.5772156649015329 psil 1.644934066848226 psi2 2.404113806319189
061 x; 1=02 ;00%d®1;d03 d02d01
retpgio d01*psit dO22 psi2d036

if (L9999EOBRE: x=x 2.00035646)
doym) 0.422784335008467,1 psil 0.6449340668482264 psi2 0.4041138063191886
d&i x; 202 d0xdA1;d03 d02do1l
retupsiO d01* psit dG22 psi2d036

{/I'fx <5 the computation is referred to x >= 5 via gamma(x+1) = X*gamma(x)
I several imes. See Abramowitz 0 Stegun page 256, 6.1.15.
douk@x 5
dei/1x2
dG2 #01d0o1
dG3 #02d01
G4 #02d02
des #03d02
dG7 #03d04
ae® H0obdo4
dH 807do4
diB #09d4
dis d11do4
d¥F #13d04
di9 H15do4
deL((( (Cl(-}dlg €0%d1¥) t08d15 c07d1l3 c06dll
1005)d89 004 dd7) 4608 da5 *c)2d03) c01d0l
retiuhOGSQ2PI+d01 *x2) (X2 0.5) log(x2)
| -logthd T 9 % 44

}

douhdiistinv_appublp) {
Il Algorithm by Boris Moro and Peter J. Ackiam, latest version 2004-05-04.
Il Approximaties normal distribution function inverse with error < 1.15E-9.
cloutplex
static double
at - 3.969683028665376e 1
a2 2.209468984245205¢ 2
a3 - 2.759285104469687¢e 2
a& 1.3835/751867269%0e 2
a5 - 3.066479806614716e 1
a6 2506628277459239

b - 5447609879822406e 1
b2 1.615858368580409% 2
b3 - 1.556989798598866€ 2
b4 6.680131188771972e 1
b5 - 1.328068155288572e 1

CE¥-7.784894002430293e 3
C2-3.223964580411365¢ 1
c3-2400758277161838
c4-2.549732539343734
C5 4.374664141464968
c& 2.938163982698783

df 7.784695/09041462e 3
d2 3.224671290700398e 1
03 2445134137142996
a4 3.754408661907416
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) low 002425
p_high 097575

I Retum =argumentvalue ifnot0O<p< 1.
i (p<=0 || prhim p
if (p=08Lum;0
it (o< p_lgw)
OFSOR(2.QJagp)
x=((( c1Hc2-qt3 ded)ticS/ o co)
(d1g 2 ge3)gre4 q1)

}
else(<7p_high)
op- Q5
r

x::%(z? alyad+ d3ra4 jab rab) q
} (lb19)b2+r B3 rb yob r 1)

else
OFSOr(2.Qiag 1p)
x={((cigycHgt3 ged)tes/qch)
} (d1g 2 gqeB)ered q1)

retun

Il Ackiam's program has a final step with a call to a function
I retuming the normal distribution function, but the precision
Il increase from that is unnecessary in this context.

}

doutdistO( ¢ldublau int - unsomplfighfr
I/ First version of Student's t-distribution with nu degrees of freedom.
Il complfig = 1 means that 1 - result shall be retumed. Based on Abramowitz
I & Stegun (26.7.3) and (26.7.4), page 948. Ajnu) = Z*tdist(t,nu) - 1 and
Jtdlistt,nu) = (1 + Altinu))/2. Itis fast but not very accurate, due to
// rounding errors in the trigonometric functions.
unsigneexghgO
Nt nl
doutifd, s01,t1 theta sinth costh costh?
if (ne=@jumiBad argument.
if (=O)etund.5
it (t<O{negig Fdige =1 t
theta atan(d sortnu)
sinth sintheta)

if (et 1)

fo(iE] dOL gostr i1 2)
sOf= d01
if (I=neak
dOE oosth2/(1+1) (i1 2)

}}éo;s. [2P)) het?t sinth sO1)

el
sG1:1
if (et 2)
fo(E2doL 1+ 2)
dot oosth2 (11)il
sOf= d01
if (I=nii)eak

}501 sinth sO1
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}
f(lcomfifiy nefig &amtly regfg)  (S011)2
}fel(‘ilSDl)Z

cloudist(  douler int - uresgnEig)far
Il Same arguments and retum as above. Slower but more accurate.
doutet;
if (Neg=@umiBad argument
if (=6)etund.5
if (comgifiy >t )| ( ¢ @&compifig) O)
retud’b betadistO5 ruD.5nu nut2 00)
retil@s 05 betadist(Q60.3 nut2 nut2 00)

doctsin(doybe nif{ o
I First version of inverse of Student's t-distribution with nu degrees
Il of freedom. Short and fast formulas are avallable fornu=1, 2, 4.
double
if (Ng=@Lm;0
if (&=08um,0
if (p<=0pium-1e30
if (p>=Lptum 1e30
if (ne=Eum tar(P1)p 0.5)
if (Ne=2um 29 1) SftE;p 1p)
if (> 05t Eg =t;p
if (ne—=4)
t=2sgr{ It)
t4tycos(@ast 3)
}t ~sort4)

etli%etadisﬁm(o,ﬁ nu052t0)
tsgi Lt 9

i}f(p< O8Jurm; t
}relu;n

doutdistinv( clopblenu){

/' Final version of inverse of Student's t-distribution with nu degrees
Il of freedom. Short and fast formulas are available fornu=1, 2, 4.
ing;
static ninveua 100
static deygsionG,5e 16
douBiinv d1 diinv diplus1by?2 diffappr difupperiower epsilon h1 h2
lower pDpQolcx step upper 0y0y1
if (Nne=@umiBad argument.
if (=08um,0
if (p<=0ptum-1e30
if (p>=Lptum 1e30
if (ne=Eum tar(P1)p 0.5)
if (ne=2um 29 1) SftE;p 1p)
if (ne= 4y

y& 2501t 1p)

y& (@30) co(acosy0 3)

Y& -sqry0 4)

if (o> OBJurA ;Y0

ey

}

if (0> 0.5)px-lsgp = px p
lowver *(2 px Ty ka2 p 1p)
Y& tdistinv, gp(px nu)

pS tisiyQnu0)

if (pO=pRjo THEEND2

if (PG px) upper YO
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else  lower;y0

diffappr diffupperiower; upper lower

diine 1.0 nu

dt G5nu

diplustby?; 05d1

Clinv -ex loggam dfgis1by? lpggam d1 ) SQRPI sgrt(nu)
epsien * y0 ¢aaiondit for relaive error.

Il Inverse quadratic search.
fofL; jeanvopieet X
df 1 yoyOdinv
ht Clinpow(ciL diplus1by2)
h2 Clinv Caifv (e 1) difinv yO pow(d1 nu)
dE px;po
yE y® hd¥ h2d1d105
f (s L>=yieaR) -
dE W iiy0 <(d1=0)gwvdiference approximation.
It d1 > 0.5 diffappr the procedure is now worse
/I than bisection or is even beginning to diverge.
if (d& G5 diffieppk)
diffappr; d1
p& tisify nu0)
Il tf this condition holds we have deficient accuracy, so no use to continue.

if((p)%:pO@& Y=Y ( g0 pllall 34 )y0)  THEEND2

%r@(pezgm)o THEEND2

(P& 1K) (Gpper yOyupper yO
else { (bwer yOfoper 0
diffuppedower upper lower

if (diffuppedowencipsion)  THEEND2
if clffeyspr epsiok)

pOeid; pO

}

if (cliffappr  difupperiower) diffappr  diffupperiower

/¥ Now we have a solution estimate yO by inverse quadratic search and an
estimate diffappr of the difference between it and the true solution. If
diffappr is small, often the estimate will be very close to the true solution,

so asmall step in stepping down or up will likely give new better limits
lower and upper quickly. A litle more than half diffappr seems optimal.
Inverse quadratic search can fail, and probably will if a good initial
approximation p0 is not found. Therefore the following steps are needed to
Secure a solution within epsilon. */

step 0.50001 diffappr

if (Step epsior) step epsion

pOaid;

,p0
if jower §B)ere yO =upper.
fo(dd yOstep . dliewer¢ll stepj )
pe tisd1 nu) | |
If p0 >=pOold we have deficient accuracy, So no use to continue.
if (/8= pQold-yBhaih step;  THEEND2
if (p8=px) yOoidl | THEEND2
it (P8 pX) levingectil
upper; d1
if (=preak
}pOeid ;0

else(fipper {B)ere yO=lower, _
fo(dd yOstepj 4 d1 upger-6i stepj )
pe tisi(dt nu0) |
if (0= pQold)=yeoait stegf DeltEEND2aCy.
if (p&=px) yOodl | THEEND2
if(p6 PX) uppercdl
lower ; d1
if §=Apreak
pOaid; pO
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}

}
if (Upper fowenapsian) THEENDL
I Bisection, ie interval halvings, as final step if needed.
h2 1e300
fol{
d¥ G5 (lewer upper)
pe s nu0)
f(E8=pPX) yOoidl } THEEND2
if(E& px) m dl= jlower dl
hE upper; lower
if (& epdflor=ikalki2)| gets stuck at values > epsion.
h2 hi

}I'I-|EEND1 y® 05 (lower upper)
}THEEND?feﬂ(n‘l PSpmy0 Y0

doutdistinv_apgpublp - intu) {
Il Abramowitz & Steguin (26.7.5) page 949. Approximates't
/l distribution function inverse with nu degrees of freedom.
dougiieg2, g3 g4 invdf invef2 t2 351719
if (Ne=@unii@ad argument.
if (G=08Lm;0
invef 1.0nu
inva2 ifvdf invaf
if (p<=0ptum-1e30
if (;P>=1ptum 1e30
if (ne=Bum tar(Pl)p 0.5)
f (ne=2jum 2 1) $f@p 1p)
I Make argument of Abramowitz & Stegun (26.7.5) belong to (0,0.5).
i (< 05pee % 1;p
if (ne=4)
t=2sortfp-1.p)
t=(4ftycos(@itast 3)
} t=sqrtt4)

else
t=ndistinv ;ap()
o=tt;

t3=t12
51312
t7=1512
9=t 2
of (B4
(G5161351) 96
03 (BH71915 1718 151) 384
o (THITF6171482 15192013 9451) 92160
t=t ivdfgt involf2g2* inveifiavai® g3 invdf2 invdf2 g4

%f(p> OBJum; t
}reun
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oty apfuie )

Approximation of tistibution inverse
201611, Sig Rosennd

i high acctracy and high speed

Abramoi

1z & Stegun (26.7.5) page 49 ph
distbuton funcion v

scarecioni e fom, rp <05, eHosIon.S.
n Tt

rse witnu e fieedo om
the comection is mostly better than a fa 001, ieifthe emor n! the. /-Ahmmn
approximation s e, then the errorwih he correcton ismosty <

iis contingent on the C compi

219 220:229 230239 240-249 >
47

nu 160-169 170-179 1€ 250
41

drx 39 40

5)is grou
D <=1eld < =1e3 <=0005 <=001 <=005
px 0 1 2
p_<010 =5 046 <=047 <=048 <=049 <=049% >04%
px 11 12 20 21 nocorecion

Optimal coefficients were obiained by searching through grids of (a,0).

nlio piispocind s he highestvalue of prx o i he corecion gesanaiceabe mproverment
121212121 212121212121.21 1,21 12121 121111010988887777776665544

e n! dw

s 005 9 <001
o 16 oa7 1o —bd8 20 <2010
1 l&&l52371813128548e55413&8§759558&577267ﬁ%ﬁ1340&5127%464ﬁ1(ﬂ5941 1. 1 41,
F-masmzzzu eZLWJSE%WEZISGM 65382813830470e 2 1. 1.
4 41562179353877850 4 1 26544131127568¢. 748379894138 4
1&C89107 11188%,2 1. 2173552061 1.85637577714072e 1 353262719058138e 09.95035298217340e 2
1.69006171750082 420256170596&477541 1 4 41 40106524905747e 4
6104143359014086 2 1 1360067077214437€ 0 101
1.48888955116670e4 1 171918961967 1% 12906964e 4 1.66721351383506e 4 1.28351413685357e 4 1.38498883761350e 4
31.&)99977517511 ‘e 1372e 2-1.88619838943023e,2 1 1 VAMMWZZWHZWIEZG 19691561344 13%6219352304
'11510&)912612%489 7460694e 4. 4227699784171728 4 163871161700700 4 1 2854388076471 4 1 36864932829651e 4
85681787194047¢ 3 1.4 1 1 1806217051539 | 1%46105]845&136%]877%176601&376315721341&3
4011918166e 4 36451308/ '10e4. 4301144074126883- 71230696e 4 1.7101
1 31, 21 1606206277292660 2.
7 1 4. 468e 4 3.17987: 4 4 lﬂ41788m412850§m441&8&413402&35457344€
1 31« 91 1 12828 2 1.82471202048747e 36e010455116393911% 3
F 7% 4 i 132801018881873¢ 4
1 00099548¢ 3 1. 17875039913937e 21 161 70017 21 1038393
5916430831026272e 4 451194430264 343748538124267eA 432%47773471464641. 128299810175898e 4 1.31944801880052e 4
18117 31 1 2 774&1.1476:0111 1374201
4 195135125 4. 41 131
1 3 1778232 14%2'1.%1%?“)71‘9 1 1 2 )404] 04245765 13 1 3
100926 4 387 131197951e 4 4 12 130238173009532e 4
1 31 1 X 13761 085 3
113934 1667 44, 7774507317933354370134173214159@ 1380818e 4 1 1 02 41.2932014233406% 4
1 31 B72A1379071012621 187862589601577e 22 700171728783 58 26, 1e: 1377221831753044 0 1
n 2081 2601 562604 1 1 1
17 206 31.2: 060 4%{\1”0&%]_124@ 1 i 13 i 3
p 401 1e 4 3830112¢ 43307 41 4
1 31 I0e 2-1.82176313590629%,2 1.¢ 1923776411 170325¢ 17686 1 mm?(\461793‘74e01“ 38678133428 3
. 101846327308 44: 9701 333695871343109 4 1 '17e 4127429971866572e 4
1.706986021973308 31 21 L 1 211105436 2
451903720007926e 4 19m.e417716622&a477794127995&£9r§773e41mm4
1¢ 12123 73 21B1m9374e2L$4W4%21mme23042745497215%92 '7.23062980088839% 2 2.15662911756125€ 1.
17913808 4 3003901788277 1e 4 2623367547163758 4 1. 41280743215815700 4 1.265547346311020 4
1 ] 1 1 17609,
[17ABT3214871972360 4! 14 Y 341206131335207e 4 1 1281 I’H
1 74630702877 2, 1 7.78769774T534166 2 2 27827817035192¢ 1
1735 4 41764340 41.283] 12562m4
1 34353114 1716367261181 /3 2 2.1792( ’14e 2 8.17420580298347e 1398190C 10
4 14579 4! 4 187641 4128 41
154464100 11620786 21 /21 135% 247 14067361 1
¥ 747506026308006 4 347190651 v 1 1
1498508 3430116 1 14043556 1197596 141 1
/2154781 7e4267. 175175701964772e 4 1.20035653347340e 4 1.24644744504062e 4
1 3 1649 24 1 14624, 10201 1. 143170 102774213071985 3
45, 44, 41 1 41
1 31 1 1 656631 708180008 247 10021 131223500 14 108154683477860e 3
/275566715220 ‘ 3517311257 06511e4 1] 129896027166374e 4 1.22566596320074e 4
1350470347461 44, 1 1 1 lel STTGTTES e
0963361 715150Ce - 4 1
1 35924147 18 - 7020261117 15458]_187&12754&0917%29141%24&2
11 47461 |wmAZ?W?&H)L‘UA?QEA171_1_1525&1417694].312555]54521911117(9&1594517&4
1 3 ; 180335201.708750¢ 271284651 C
1268082176 75045350 ] wmu 713 b mn
1 18202136 31 1 4, 21 1 €03112 1200066004749850€ 2
r2 Te 46347 76449365 129160001898177e 4 114484 4819519054198663 5
104838249530449% 4.
478561 170003370e: 4 1487730% 1330315€ 5 1.1526901 4. 461005
7.79047 3052 iPe 4. 4 1 51.31875321413465 4 1.440¢ 5
731 168411 0041 4 722501e 4117214
67 15808 45 7 724 7
483546451 1044217866311 1507876731 7
3751300608 4 7.61: 31165687224 4. 414 3 7127774988837e 19
8 3771 44 7
1425064 1022662145, 7004 3 1
3 4 60002 24
4 1798e. 73051470771517€ 25.
4752001 1080e 4-2.18614753389105 4 1.07448450607963 4. 4 16.5914770631199%e 2
751229356144622e 4. 1 80651
47! 20011447626 4 2
30617871973067e 4 2 12406167154827e 44,3 1 4
7497701485610 44.827480116602748 4 1 42,76072240716552 5 1 117e56.
44 17285 215607497
44 1 bt ,1 2057 ez
780119]2065956e 4 123e51 167.3493486677816% 31
4 19
4 Se 5 1.35942727620095€ 5 7.3493486677816% 31
e
o p 0<=1e10 1 <1eg 7 <=1e3 8 <=0005 9 <=001 10
11<=010 12 <=015 13 18 <=047 19 <=048 20 <=049
47881 6.87792481734457 6 7756971751486
4 70261 2.36201212817973 1 58531143714478 1 4422600 18 054
/+17.01344307038601 6. 58448118
4, 1 1521 1 4, 21317441180 141361201 7056
+ 26.722456640023856. Y Y 137053 6.73546283000056 6 6717162514691
4. 690320 111267926 1, 165379361247154 10.1009333477520 7040037382 40;
3661 101 6429151
1 76278 1 17367606 46
1, 6. 11
1 140459060617319 L 14.2217688926421
* 364160851 6.53760260564099 6.70453498380830 6.66718958220392
4.32317020998742 1.959 789 13748911 161 2 38980« 102341392783892
19308151 15 827064717160
431925240099213 1. 1232110141 1 74376741 14.2305255770771.
78, 1B 370379050607 6.2061.1 1 621177652
431 1 1 1 4, 1
i 61 1 16805748401827 6. 6214947 1219431568
4317 1951631 31. 1611 1470825; 1 7 1850461
981 151 145922208175556.1 17 11 1 4
4, 711592061 1 1 16 1 142709571869407 688050
10815000119946131 6.1 6. 7006, 176161115
432223551723458 1 116713360767781 L 6034616712707
18] 6108116290501 1161489968571 6.311041C 1075142,
43263023 5425 1 612335766 1 17 71923 06
g 609241. 64 19665463173704 63051 21 66
433187389088801 10; 171 3613368 2587741499114 1566110, 4 % 0
/17BD4330070% 41 0821703805736, 1802306854564 6 179786182
433902061681674. 700816 1 11, 6961497142633 4 1723
FIB06178 1 1 18306 13667
4. 169 182( 068590585101 5373054215507
1580481 13361 606211 1 17 6201416211927746:
4359183930001 k 7 145004480
1885 6.0; 1036 6,06814112375445 6.10051949511284 6.1 77801 111335048362 6
1306176230 7.36721783524114. 14,
M 193307509 2204694 6 141761 153862
4.3894C 171 1861 191704.94479707219761 11 14.8771712136520 24.0¢ 10.8681454500004
440932109714223 0] 1 1 7.81201104028499 1761481491201 06
118968 5998544503141 593781917612081 627870468 36281
4 1 115038861911117 153071
418 74 42813635
446074795704122 397270992110382 04X 1 115860190 44%713251758]1_ 06
2 6154110 66665201 42
4 14 1172509 70 124045899719621 41 09
981 1 6151 /1793458
774, 1527898487 16
7004007 597 L 61 148750¢
457635173068712 5.48137600081426 0/X 3 781160120013 715 /361079912447 1 1711371 7222716486 41.5341450336950
1830861 59 7 2186 7124526 7484
462795006952934 6. 940.00007148826131 6. 17.94480719 26188174207
2BO57186% )6.14367137745547 6265392851 0731 6.72431677910470
4686543421 17112791145620514 11
105 '126/6:4973313791 6 174
A 68868 8: 000000000900000 6.80071288292247 1! 76515014 27.11] 3867 41
3021060
1251795918100
il 1060081 608127112943043 6.20694179742136 7.0081081.
7988531161 6. 78920
3275861 97861 10407778247 1
9553 5.00459162871 7 35404321
770165981 75 1799
5. 1120205 5532690637755295.1
082159790147 AS977327 0000
3 584 4 11550733308921 15499622711007
47611483 6 15366761 750000094
392 ) 7776 /476004110357 61 5000009
39402 700288/ .umummw
1 766546115193 m426w)97341507
145,33931219021858 6,01 7
0595170929 116
)7 1642795110759
BAOT71, 1934 18, 0
3421 136 7107473715178
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parf 1€101e91e8le7le61e51e41e30.0050.01005
0.10.15020.30404303:460470.4804905

if (ng=@umiiBad argument.
if (g=0/8um;0
if (p<=C¥tum1e30
if (;p>=1ptum 1e30
if (ne=Eum ar(Pl)p 05)
if (ne=2um 2 1) Stft@p 1p)
if (ne=4)
t=2sqrtfp- Lp)
t=(4fycos(@ast 3)
t=sqtt4)
if (0> OBJuI; t
retun

}

if (> 05)px-€isep = px p

invelf 1.Onu

invd2  irvof invof

invdi3  ifvafinvadf2

invdd irvaf2 invdf2

t=ndistinv_ap(px)

2=tt;

3=t

5=1312

=512

=712

gt (B4

02 (BH1618881) %

03 BH#19153 178151334

o4 (THITF6 17148215 192013 9451) 92160
t= ivdfigt invdf2 g2 *indf383 invdid g4
if (ner=29P >px Q495)

if (0> O8Jum; t

retugn

I/ Correction.

it (he= 3)dirx O

else(ie=29) dinx- nu 4

else dink 10 23

fooir G>px panpirk; pin )

if (pirx lastpinfdnretr-O.mmt  t
t2=-aan{dindfpind pow(log pk gandind[pinx]) invdf3 invaf2
if (ﬁﬂ(ﬁt)zl'é)um 12

rel ;



